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ABSTRACT: The response function of a homogeneous and dense hadronic system to a
time-dependent (baryon) vector potential is discussed for holographic dense QCD (D4/D8
embedding) both in the confined and deconfined phases. Confined holographic QCD is an
uncompressible and static baryonic insulator at large V. and large A\, with a gapped vector
spectrum and a massless pion. Deconfined holographic QCD is a diffusive conductor with
restored chiral symmetry and a gapped transverse baryonic current. Similarly, dense D3/D7
is diffusive for any non-zero temperature at large N, and large A. At zero temperature dense
D3/D7 exhibits a baryonic longitudinal visco-elastic mode with a first sound speed 1/+/3
and a small width due to a shear viscosity to baryon ratio n/np = h/4. This mode is
turned diffusive by arbitrarily small temperatures, a hallmark of holography.
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1. Introduction

Solids respond to external stress elastically through their bulk and shear modulii K and
u respectively, with almost zero dissipation. Liquids on the other hand, follow the lore
of hydrodynamics with bulk and shear viscosities £ and 7 accounting for dissipation. In
contrast to the solid, the shear modulus vanishes in the liquid. The bulk modulus does not.

This remarkable difference between solid and liquid disappears when the stress is time-
dependent. Indeed, for a stress of finite frequency w a liquid has a non-zero shear modulus
much like the solid. In the long-wavelength limit, the dual description of a solid or a liquid
follows from the visco-elastic equations with complex and frequency dependent elastic
constants as we detail below. In this paper we will explore some of these ideas in the
context of the AdS/CFT correspondence by analyzing the baryonic response functions at
finite density for both D4/D8 and D3/D7 embeddings.

The AdS/CFT approach [ provides a useful framework for discussing large N, gauge
theories at strong coupling A = g>N,. The model suggested by Sakai and Sugimoto (SS) 2]
offers a specific holographic realization of hQCD that includes N flavors and is chiral. For
Ny < N, chiral QCD is obtained as a gravity dual to Ny D8-D8 branes embedded into a
D4 background in 10 dimensions where supersymmetry is broken by the Kaluza-Klein (KK)
mechanism. The SS model yields a holographic description of hadrons in the vacuum [f [,
at finite temperature [§] and finite baryon density [§—[g].

Hot and dense hadronic matter in QCD is difficult to track from first principles in
current lattice simulations owing to the sign problem. In large N, QCD baryons are
solitons and a dense matter description using Skyrme’s chiral model [IJ] was originally
suggested by Skyrme and others [[4]. At large N, and low density matter consisting of
solitons crystallizes as the ratio of potential to kinetic energy I' = V/K ~ N2/ p% > 1is
much larger than 1. The crystal melts at sufficiently high density with T' ~ N2/ p% ~ 1, or
sufficiently high temperature with I' & N./T ~ 1. QCD matter at large N, was recently
revisited in [[[g].

The many-soliton problem can be simplified in the crystal limit by first considering all
solitons to be the same and second by reducing the crystal to a single cell with boundary
conditions much like the Wigner-Seitz approximation in the theory of solids. A natural
way to describe the crystal topology is through 73 with periodic boundary conditions. A
much simpler and analytically tractable approximation consists of treating each Wigner-
Seitz cell as S with no boundary condition involved. The result is dense Skyrmion matter
on S3 [[g).

At low baryonic densities holographic QCD is a crystal of instantons with the Wigner-
Seitz cell approzimated by S3. The pertinent instanton is defined on S® x R [[1]]. At
moderate densities chiral symmetry is restored on the average with an n5B/3 equation of
state [[[1]. This homogenous (on the average) liquid-like phase is strongly coupled and not
emmenable to standard Fermi liquid analysis.

In this paper, we would like to follow up on the transport properties in the homoge-
neous phase originally discussed in [[[(] using D4/D8 to contrast them with some recent
studies in [[7] using D3/D7. In section 2, we recall the bulk characteristics of the homo-



geneous phase in D4/D8 and suggest that it may be identified with a strongly coupled
holographic liquid prior to the restoration of chiral symmetry. In section 3, we derive the
general formulae for the holographic currents induced by an external baryonic field in the
linear response approximation for both D4/D8 and D3/D7. In section 4 we show that the
transverse baryonic current for cold D4/D8 is saturated by medium modified vector mesons
in leading N, in agreement with [L0]. The bulk static conductivity is zero. Large N. D4/D8
is an insulator. In section 5, we develop the quasi-normal mode approach for hot and dense
D4/D8 and D3/D7, both of which are conductors at large N.. For completeness we also
discuss cold D3/D7 in light of a recent result [I7]. In section 6, we suggest a unified visco-
elastic framework for interpreting gapless excitations in dense media in both the elastic
(collisionless) and hydrodynamic (collision) regimes. We argue that cold D3/D7 exhibits
such a mode at large N, with zero bulk viscosity and finite shear viscosity. In section 7,
we suggest that the leading 1/N, correction to the baryonic currents in cold D4/D8 can be
extracted from an effective baryonic theory using the Random Phase Approximation. Our
conclusions and prospects are in section 8. A number of points pertaining to transport in
dense holographic media are discussed in the appendices.

2. Homogeneous dense matter

First we briefly review the bulk property of the homogeneous phase in the SS model.
More details can be found in [I(]. We consider Sakai-Sugimoto’s original embedding [P, [,
where the D8-branes configuration in the 7 coordinate is constant and not affected by the
existence of a background U(1)y field Ay. This corresponds to 7 = 07/4, the maximal
asymptotic separation between D8 and D8 branes. The DBI action of D8 branes with A,

is written as!

Sppr = —a/d4m/dZK2/3 \/1 — bKY3(07A0)2, (2.1)
where
NN A3 M 3572 9
=< /T KK b= ——— K=1+2%. 2.2
¢ P57 AINMZ, * (2:2)

Mxky is the Kaluza-Klein mass and A is t’Hooft coupling. Now we introduce the baryon
source coupled to Ay through the Chern-Simons term. We assume that baryons are uni-
formly distributed over R?® space whose volume is V. For large \, the instanton size is
1/vA @, B]. Tt can be treated as a static delta function source at large N,. For a uniform
baryon distribution, the source is

Ssource = Nenp / d*z / dZ §(Z)Ao(Z) . (2.3)

By varing the total action Spp + Ssource We get the classical solution Ag:

Ao(Zing) = /ZdZ g/ : (2.4)
0 \/(ab)2K2 + bK'/3n2/4

!The integral is extended to (—o0,00) to take into account D8 branes as well as D8 branes.



which defines the baryon quark chemical potential p, as

pe(ng) = lim Ag(Z;ng) . (2.5)

|Z] =00

This relation also defines p, as a function of n, and vice versa. The baryon chemical
potential pp is

pB =mp+ Nepig (2.6)

where mp is the baryon rest mass.
The interaction energy density €, pressure P, grand potential €2, and the baryon
chemical potential up have been computed in [I],

e VENB)” pes/3 .
€int v a/_oodZK 1+ 1a2h K 1| , (2.7)
P:—Q:a/ dZ K*3 |1 - ! : , (2.8)
1% oo \/1 4 (N4c:1?)) K5/3 |
o0 Nonpg/4
g = mp + Nc/ dz ns/ , (2.9)
—oo \/(ab)2K2 + bK1/3(N.np/2)>

where V is the volume and  is understood as a function of up through (R-§) and (.4).
At low densities they translate to

2773 N. 1

R 2.10
e T TN M B (2.10)
Q 2t N, 1
p—__ 2t T - 2.11
VT2 NaME P (2.11)
N. 1
pp ~ mp + 27m° —< (2.12)

NxMZ B

The baryonic contributions appear through the combination N./ANy. The large N, and
large A limit are not compatible in the homogeneous phase. Compatibility with solitonic
physics suggests that the large N, limit be taken first followed by the large A limit, which
is also consistent with holography. This will be assumed throughout, unless specified oth-
erwise. The homogeneous phase described by (R.§) breaks spontaneously chiral symmetry
with density dependent vacuum-like modes [[I(]. In figure ] we sketch the various phases
of dense holographic matter at zero temperature. The low density part is inhomogeneous
(solid) with spontaneously broken chiral symmetry, while the high density phase is homo-
geneous (gas) with restored chiral symmetry. Intermediate between the two is a possible
liquid phase. Here we suggest that (B.§) may capture some aspects of the liquid phase still
in the spontaneously broken phase using holography. The solid phase binds with an energy
density €t ~ aprnp where ays is the Madelung constant for the pertinent crystallization
provided that the baryons are semiclassically quantized to account for the pion-interaction
through the mesonic cloud [f]. The gas phase is homogeneous with e, & n‘j’B/g and restored
chiral symmetry [[[]
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Figure 1: Sketch of the phases of cold D4/DS8.

2.1 Compressibility

Holographic QCD at large IV, and large A is umcompressible. Indeed, under small scalar or
longitudinal vector stress the baryonic density n g is expected to change locally to ng+dnp
so that the constitutive equations read

Mnpt = —Vp, (2.13)
d0np +ngV -7 =0, (2.14)

by the Newtonian equation of motion (B.13) and baryon current conservation (.14). The
baryonic charges move with an acceleration (0P/0ng)/mp =~ 1/\ which is suppressed at
large A since mp = 8TAN, [f]. Another way to say this is to note that (P-I4) implies (67 —
C%V2)5n3 = 0, with the speed of the first or thermodynamic sound ¢; = \/OP/dng/mp.
For the confined D4/D8 configuration

1/2
27T np 1

1
?—wf/ C | (2.15)
\/1 + G K

after using (2:§). The bulk modulus is K = ngdP/dng ~ n%(N./A), with the compress-
ibility x = 1/K =~ (A/N.)/n%. Holographic QCD is uncompressible at large N.,.

3. Holographic baryonic currents

Baryon transport in confined D4/D8 occurs explicitly through 1/N, effects. Contributions
to the baryonic current to order N are shown in figure . They follow from direct (a) or
vector meson (b) such as the w meson. All density effects in holography are suppressed
at large N, and large A. To illustrate these points, we streamline the dense analysis given
in [[[]] using general notations to extend the results to finite temperature and also other
brane embeddings. The induced metric on the D8 branes for both low (KK) and high
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Figure 2: Typical contributions to the baryonic response in D4/D8. (a) Direct N? (b) Vector
mesons N? and (c) Fermi (baryon) contributions N *
temperatures(BH) can be written as

dsbg = gudt® + gezbijda’da’ + gyy dU? + gssd Q2 (3.1)

U 32 , U\ 32 o R\ 3/2 R\ 3/2
- t = ijdx da? = 2 — 2d03, (3.2
a<R> d +<R> dijda’ dx +<U> vdU +<U> U=dQj, (3.2)

where for the KK background

1 o \? (U\* Ukk \*
and for the BH background

o (). wﬁqg—g‘ﬂ%)? 1) el—(%f’. (3.4

The embedding information is only encoded in v and thereby gy
With the induced metric (B.J]) and the pertinent guage fields, the general DBI action
follows as

Sper = —N tr /d4de e %9%s [ — o093, 900 — g Fou Fou — 92,900 Y FoiFoi
7

1/2
gOOQxx Z Fiv Fiu — 90092z 9uu Z FzyFZJ 9z Z FZ]E]FUOFUO—i_ :| (3'5)
i>] 1>7

where e=? = g,(U/R)*/* and N = Tsy. The Dg brane tension is Ty and Q4 is the volume
of a unit S*.2 The F3 and F® terms cancel by symmetry. Among the F* terms we only
retained the relevant term for our discussion below. If we consider the fluctuation (A4, (%))
around the classical configuration Ag (R.4), which is due to homogeneous matter at Z = 0,
the action can be expanded as

2/3 1
BTN oraly2tr / qru2 2 [2‘”A + 209y Ag) Fuo + AP FuoFuo

293 vV —ay (271'0[)
+AaZFZUFZU+Av< > ZFOZFWA ow( ) ZF”FM}, (3.6)
1>)

2We absorb 2o’ into the gauge field for notational convenience. It will be recalled in the final physical
quantities.



N kl kg kg QWQ/A/O A
— AN —4/3 72 _ d 2 | —5/3
D4/D8con [k = 15 | K | K~ *3Mgg NN o V1+d?K-5/
AN.T3 K3/2 —4/3 —2|_K-1 d / 2 I —5/3
D4/D8ec Nl — | K~°(2nT) K N 1+ @K%/
D3/DT | SESF | 28|zt | - | VI+&PZS

Table 1: Parameters of the different embeddings in (B.1(). See text.

up to quadratic terms. Fng = 0, Ag — 0gAq — 1[Aq, Ag] and

A= 5 1 o
Vi B )

It is useful to change variable
U = Uy(1+ 2*)'/3, (3.8)

where Uy is the coordinate of the tip of the D8-DS8 cigar-shaped configuration in the con-
fining background and the position of the horizon Ur in the black hole background. The
range of Z is (0, 00) contrary to U whose range is (Up, 00). Also this range can be extended
to (—o0, 00) if we consider D8 branes (—oc,0) together with D8 branes (0,00) in a natural
way. For convenience, we note the following useful relations

2, 7 U2 1
_ 2 _ 1/3 _ 0 _ *
K=1+2? U=U)K"Y3, dU——3 72, f_1—<—UO> e (3.9)

where U, is Ur for the black hole background. For the confining background, from here on
and for simplicity, we follow Sakai and Sugimoto [B] and choose U, = Ukk. In terms of Z
the action reads

S = Ntr / d*zdZk, [2AA/0FZO + A3F,0Fy0 + Aks Z Fo; Fo;

+Ak32EZF,Z+A 1@@2@1@]], (3.10)
1>

where we dropped the fluctuation independent part and the parameters (ki, k2, ks, A, N)
are different for each of the brane embeddings. They are summarized in table 1. The case
D3/DT7 is separatly discussed below (section f.J). We note that the dimensionless densities

are d = %rng for D4/D8wn, d = 20N?}V’TiT0 np for D4/D8yec, and d = @m’_,
! VAN;N: 1
for D3/D7 with f =1 — Z4. This explicitly shows that the density effects are subleading
at large A\ and large NV, for fixed Ny.
Now consider an abelian fluctuation in the Az = 0 gauge
Ay =a, (2,23, 2) + vV, (2%, 2%), (3.11)



where a, vanishes at the boundary i.e. au(xo,a:?’,oo) = 0, so that the boundary
field is simply V, (2% 23). V(2% 23) exists for all Z as the background.> With the
Fourier decomposition

deq —iwz04igaf
a,(Z,2°,2%) = / (271)26 O tig 3au(Z,w,q), (3.12)
0 .3 dUqu —iwaO4iga’
Vu(Z,x",x°) = (27?)26 Vu(w,q), (3.13)

the quadratic action can be rewritten as?*

dwd
S = N/ %dZ |:CLLDLCLL - 2fLVLCLL - fLVLVL - 2gLaL
+arDrar — 2frVrar — fTVTVT] ;
where we introduced the gauge invariant variables

Longitudinal mode : ar, = gag + was, Vi =q¢Vo+wVs,

3.14
Transverse mode : ar = waq, Vr =wVq, ( )

with as = 0 and used Gauss constraint Azwa’o + kgqay, = 0. az = 0 is a consistent choice
since the transversal equation of motion decouples from the others.
The differential operators Dy 1 are defined as

—k1ks A3
Dy, =0;————"—-0 k1ko A 3.15
1
Dr = <azk1k3Aaz ~ kika(Aw? + A—lk;gq?)) , (3.16)
and the coefficient functions are
_ _ kaqAq
fL = klkgA, agr = A2w2 i k3q2 N (317)
k1ko(Aw? + A1 ksq?
fr = (AW AT ) (3.18)
w
The equations of motion is
Drap = fLVL + gL, Drar = frVr. (3.19)
With the formal solutions
ar, =D (Ve +91), ar = D' (frVr), (3.20)

3This is equivalent to the usual set up A, with the boundary condition A, (2°, 2%, 00) = V,,(2°, 2*). The
difference is in the equations of motion. The equation for A, is homogeneous but the equation for a, is
inhomogeneous and sourced by V,, as shown in (B.19).

4For simplicity we omitted the argument of the functions. Each quadratic term is a function of (w,q)
(first) and (—w, —¢q) (second). We dropped the surface terms since they vanish on shell when the source is
explicitly present.



the on-shell action reads
S——N [ L 47 (y, £ (D (fV0) + Vi) + Vi2 D7 -1 391
- (2m)2 fLD(fLVe) + Vil + Vi2f1 D7 o] + 9.D7 ' ar (3.21)
+Vrfr[D7 (frVr) +VT]> .

The induced baryonic currents follow to leading order in large N. and large A as
Tulwna) = 2Nw [ AZFuDT (Ve g0) + Vi), (3.22)

Jr(w,q) = 2Nw / 42 fr[D7 (V) + Vil (3.23)

where Dzl and D}l are understood with the retarded prescription w — w + 0. fr, fr, gL
are all recorded in (B.I§). The longitudinal current involves g7, independently of Vp, as gr,
is triggered by the gradient of the baryonic profile Aj. This is the analogue of Fick’s law
(baryonic charge diffusion). The terms involving Vr, 7 correspond to o, v the longitudinal
and transverse Fourier transforms of the space-time conductivities. The arguments (w, q)
are subsumed.

4. D4/D8: cold

In the confined phase, the operators Dy, r are hermitian modulo the retarde prescription in
frequency space. They can be diagonalized using eigenmodes as discussed in [[[(J]. Through-
out the prescription w — w 4+ 40 is subsumed.

4.1 Longitudinal mode

The longitudinal operator (Dy) is

KA3
Dy =0y 2 7+ K~Y3A . (4.1)

A202 _
When ¢ = 0 or w = 0 it is easily diagonalized, since
1
Dr(g=0) = —0zKAd; + K'/3A,
w

Dp(w=0) = —q—taZKA?’aZ + K71B3A (4.2)

The Green’s function (Dzl) may be expanded in terms of the complete set of eigenvalues
that diagonalize

~1/3
qu=®f=<5——é>ﬁl

w2

~1/3
Dﬂwsz=<5375>wn (4.3)
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Figure 3: Vector mode functions (Left) and axial-vector and pion mode functions (Right)

—1/3 —1/3
where & — A and & 7 A

are weight factors. Using the complete sets,

(82KA(92) Xn = —(K_l/gA) ()‘%)2 Xn

(02K D%97) & = —(K3A) (X)) &n (4.4)
we have
(zIp7 g = 0)z) = 3 22 l"g‘;;ﬁ WlZ) (4.5)
neN
(ZID w=0)2") =) 5; Jf” (2) . 50(221520(2’)’ (4.6)
neN

which are the results of [[[(J. Typical behaviors of y,, and &, are shown in figure fJ.
For small w, ¢ we may write without loss of generality,

_ n Z)(-Pn(Z/) QDO(Z)QDO(Z/)
ZID7Hw~ g~ 0)|Z") ~ n(
(ZIDy (w~a~0)1Z) nZ@N —w? c%q2 + (/\%)2 T ag

+ Y onlZ) (4.7)

2 2 X
ne2N4-1 w +C nd +()\)

The first contribution is from the density dependent axial-vector mode, the second contri-
bution is from the density dependent pion mode (strictly speaking its U(1) partner at large
N,), and the last contribution is from the density dependent vector mode. The denomina-
tors are the dispersive modes, while the numerators capture their residues. The even-odd
in the labelling of the modes translates into odd-even in the parity of ¢, (Z). The baryonic
current reads

Jr = 2Nw / dZK~Y3A [Dgl(K—l/?’AvL +91) + VL] : (4.8)

The Z-integration picks only the vector or even-modes of (f.J) since Vp, is trivially even.
The longitudinal baryonic conductivity in the confined case is

op = 2Nw/dZK‘1/3A [1 + D;lK—l/?’A] . (4.9)

— 10 —



The longitudinal mesonic propagator D; ! admits the mode decomposition ({-7). From ([4)
it follows that

1 | .
/ AZfrxn = 3 / 47 (07K D07) xn = 57 (KD x0) 7% =0

is a zero boundary term. The longitudinal baryonic conductivity simplifies

g1, = —2Nw/deL, (4.10)

and so does the longitudinal current. The longitudinal conductivity vanishes at w = 0.
Confined holographic QCD is a static insulator at large N, and large A in agreement with
our recent analysis [[[J].

We now note that

Y _fe | [dZK-1A-3
Cn = A_£7 Cﬂ- = ? = m, (4.11)

where f2 and fI have been derived in [[[(]. At high density the pion speed vanishes as
¢r = 1/np. The propagation of the axial charge stalls in very dense matter. For small
momenta ¢ the poles develop at

102 2
wa e\ (B + N2~ XY + 3 ;g , (4.12)
n

while for small frequencies w

AN
A0+ 02 =0 = &= (52) (1.13)
since ¢2 = —(/\%)2 from ([.6)). In the confined D4/D8 embedding, the vector and axial
modes disperse through
LAY

~ \X -
wn NS+ T (4.14)

£)2
where \Y is the rest mass and ();\’3() is the kinetic mass (figure [f). To this order, the

imaginary parts vanish in holograpﬁic QCD [[(]. Indeed, vector, axial-vector and pionic
modes are expected to be absorbed by excited and/or recoiling baryons which are 1/N,
suppressed effects in cold and dense QCD.

4.2 Transverse mode

The transverse operator (Dr) is given by
1
Dp=-—— (aZKAaZ + K3 (AW? - A—1q2)) . (4.15)
w
For ¢ = 0 it diagonalizes trivially through

Dr(q=0) = —%%KA@Z — K7Y8A, (4.16)

— 11 —
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Figure 4: Dispersion relation for vectors (Left) and axial-vectors including the massless pion
(Right), n = 1.26ng

The Green’s function (DZI) may be expanded in terms of the complete set of eigenvalues
that diagonalize

-1/3 A
Dr(g=0)f=- <KT> AL, (4.17)

by using the eigenvalues
(02K AN8z) xn = —(KY3A) (A2 xn - (4.18)

The Green’s function is then expanded as

xo(Z)xo0(Z')

- (4.19)

(Zp7 =02y = 32 1*;;5;3 +
neN "

which is the same as Dzl. A rerun of the arguments for the longitudinal current response
yields

Jr(w,q) = 2Nw / 42 fr[D7} (frVr) + Vil (4.20)

where again the retarded prescription is subsumed and

-1/3 2 A-12
o (Aiﬁ AT q) (4.21)

In the confined phase, the transverse conductivity follows
or = 2Nw / dZ fr(l + D7 fr] . (4.22)

Using the vector meson mode decomposition for D;' ([£7) and the relation ([.10) we can
simplify the transverse conductivity

o = op + 2Nw / dZ(fr + o)1+ D (fr + 1)) (4.23)

— 12 —



with

2
fr+fo= —% K™13AT (4.24)

The transverse conductivity is vector meson mediated as shown in figure Bl For ¢ = 0,
or = oy, and vanishes for w — 0 in agreement with [[2.

5. Quasi-normal mode analysis

we now turn our attention to the deconfined phase of dense holographic models with non-

hermitean or absorptive boundary conditions. For that, the retarded prescription on the

inversion of Dy,  is best captured by the quasi-normal mode analysis. The latter is enforced

analytically by matching for the gapless modes and numerically for the gapped modes. We

now present the general formulas pertinent to the longitudinal and transverse currents.
For w < 1,q < 1 the equations (B.1§) and (B.16) are reduced to

—k1k3A3 _
( Zmaz arp = 0, (51)
(0zk1ksAdz)ar = 0 . (5.2)
The general solutions are
00 w2 q2
ar(Z) _CL/Z dZ<_k1k3A+_k1A3>, (5.3)
& 1

where we imposed the vanishing Dirichlet boundary condition at the boundary Z = oo
ie. ay /T(oo) = 0. Cp r will be determined by imposing incoming boundary condition
at Z = 0 which corresponds to the location of matter (confined phase) or the black hole
horizon (deconfined phase).

To constrain Cr,r we need to know the behavior of a7 around Z = 0. First, we
solve the equations (B.19) and (B.14) near Z = 0 with fixed w and ¢. Second, we take the
limit w < 1,¢ < 1. Arar, =0 and Arar = 0 may be written as

A’(3k3q2 + w2A2(1 - kg(l/kg)/A/A/)) k' Ww?A? 4+ kng
" Al g — L WA =
ar, + A(k3q2 —|—u)2A2) + k1:| ar, k2 k3A2 ay, 0, (55)
v, [kiksA)T WA kg
ap + [7k1k3A ar k27k¢3A2 ar = 0. (5.6)

In this analysis the variable Z introduced in (B.§) is not convenient due to the complicated
form of A. To make it simpler we introduce the new variable:

1
z = W’ (57)

which is nothing but Uy /U in terms of the original coordinate in (B.J). In this coordinate
the boundary is u = 0 and the horizon or the matter location is u = 1.
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5.1 D4/D8: cold and dense

Before analyzing the deconfined phase of D4/D8 with black-hole background absorption,
it is amusing to ask whether the D4/D8 confined background with matter in the KK
background could be also addressed with absorptive or non-hermitean boundary conditions.
After all cold matter disperses and absorbs waves much like a black-hole. From (f.d)
and (p.4) it follows that

ar, = CrePau(2) - ay(2)., (5.8)

ar = Cray(z),

where
o 2! 1
= dz' 1
Z) /0 z (1 T d22,’,5)3 /71 — Z/ ) (5 0)
o 2! 1
= dz' 11
/0 Niy s i_.n (5.11)

for w,q < 1. Recall that the density d is defined by Wn B below (B.10). At small
densities we expand

012) = 0 (0 = Pa0(0) — S = 30 2) + 207 - 52)a ()] +0(),
o (5.12)
/0 dz’\/: arcsm(ﬂ) - g) ,
a(z) = /0 dz’\/:
- _LAT (3\/5(7 4 423) 7 o F1[1/2,5/6:3/2;1 — 23]) + %g?g;g; ,
o () = /0 dz’\/;

We don’t show a(?(z) explicitly since it is long and not illuminating.
To impose the incoming boundary condition we expand the solution around z =1

ar(z) = CLA+ CLBVI— z 4+ O((1 — 2)%/?), (5.13)

where

A= TPt 7d%\/7(3¢> — W?)I'(1/6) N 187d* /7 (—5¢* + w?)['(5/6)

3 240T'(2/3) 35841(4/3) ’
_ 2 4\ 2 _ 2 4y, 2
p = (81207 15407 + (8 — 4d? 4 3d')w? (5.14)
443
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On the other hand we may first solve the equation near z=1. In general Apa;r, = 0 and
Arar =0 are

" (5d%21){3¢? — w?(1 4 d?2°)} 322 1],
o+ [2(1 TR @ - w1+ dB25)) 2(1- 23  2z]F
9{q® — w*(1 + d*2%)}
C4z(1 - 23)(1 + d22P)
(
)

ar =0. (5.15)

BN B G0 B S ) VAR Ul e )
2(1 + d2z5) 2(1 — 23) 22 42(1 — 53 (1 + d2z5)

a, =0, (5.16)

and reduce to

11 3w’ — i
" ! 1+d o
byt sy =0 (317
near z = 1. The solutions are
, 2
apr = Cre”'V 3v(1=2) v=w?— ﬁ , (5.18)

where we imposed the incoming boundary condition at z = 1. Their expanded form reads

ar(z) = Cr —iCr\/3yvV1 -2+ 0(1 — 2), (5.19)
v =w? =@+ @d* - Pd* + 0(d) . (5.20)

A comparison of (p.I3) and (p.19) yields

B+iA\/3y=0, (5.21)
and the dispersion relation is
_ _ d_2 % 6 6y 2 6\ 3 4
w==|1 7t 3 +0O(d)| ¢ +0(d)g" + O(d°)g° + O(q”) . (5.22)
The latter resums to
1 (5.23)
Ty el '

This is consistent with the zero mode result obtained in ([7), (1) and figure [l where we
also found the zero mode solution odd in Z. Interestingly enough, the quasinormal mode
analysis when applied to the confined and dense KK background with absorptive boundary
condition, it yields a massless pole which is the pion pole with a speed ¢; = 1/V1+ d?.
Note that there is no imaginary part. The reason can be traced back to the + (outgoing)
and — (incoming) wave assignment in (f.21), both of which solve

_42 4
0=DB+iA\/3y= %ﬁim/@ V7 =0, (5.24)

for vy = 0.
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For the transverse mode we may follow the same procedure with the substitution

in E13)
ar(z) =ar(2) (g —0,w — 1) . (5.25)
The relation (§.21)) yields
wei E + (—% T %) i + O(d4)} +0(), (5.26)

which shows that there is no massless excitation. This channel is indeed gapped in the
confined D4/D8 case as we discussed earlier for the case of reflecting boundary conditions.

5.2 D4/D8: hot and dense

The absorptive boundary condition is more appropriate for the deconfined BH background
that we now discuss. For that, we rerun the same steps as we did in the previous section.
First we solve the equations for w < 1,4 < 1, where w = 527 and q = 52=. From (FE)

and (5)

ar, = Cr(w’aw(2) — g°aq(2)) , (5.27)
ar = Craw(z), (5.28)
where
z /
aq(2) = / A | — (5.29)
0 (1+ d?25)3
2 3/2[ 3 2.5
= 2322 1 9,R[3/10,1/2:13/10; —d®27]| |

15
z 2! 1
aw(z) = /0 dz'y/ o v (5.30)

Recall that the density d is defined by %n B below (B.10). To impose the incoming
boundary condition we expand aj, around the horizon.

ar(1—¢) =arp(l) —ear (1) +---
= CLm2a (1) — CL7m2 _ CLqQa (1) + O(e) (5.31)
ANV | ! :

where a(1) has a logarithmic divergence and aq(1) is finite.
In general Apar = 0 and Apar = 0 are

n [ (522 {3(1 — 23)¢® — w?(1 + d*2°)}
2(1 4+ d?25){(1 — 23)q% — w2(1 4 d?25)}
2 (1 + d?2°) 322 11,
(1232 —w2(1 +d225)1— 23 22 L
3Va2 _ 12 2,2
—9{(1425 zng)QZ —(klc;:é)z )}CLL =0, (5.32)
(5d?z%) 322 1], 91— 2%g% — w?(1 +d?22)}

" - — —ldy— =0, (533
or + [2(1+d225) 1-23) 22| LO— 0 cas =0 633
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which simplify to
1 ro?
CZIL///T— :CLIL/T—FMGL/T :0, (534)
near the horizon with z = 1. The incoming wave solution near the horizon is
agr = (1—-2)"""F(z), (5.35)

with F'(z) a regular function near z =1 or z =1 — e. Assuming wlne < 1 we have

2R —¢) :F(l—e)—%lneF(l—e)—l—---
_w

= F(1) -

Inele—oF(1) + Ofe) . (5.36)

By comparing the singular part of (5.31) with (5.3() we get
i3v1 + d? I
210

By comparing the regular part of (5.31]) with (5.36) we get the dispersive retation for the
longitudinal baryonic waves

CL= (1) . (5.37)

v iBag(DV1+d®q?
2 2 w

1=— (5.38)

For small tv and q but fixed g2/t the dispersion relation is

BVl d? @ 2

[ 5 +22F1[3/10,1/2;13/10;—d2]}

2 27T 15 | Vit a2
2 2 4
i L (g 2 16d
N iy <1 + 13~ 299 + > (For small d)
. ¢® (20(1/5)(13/10) o5 T(1/5)0(13/10) g
~ i &> A3 4
2T 5I(1/2) 5I(1/2)

(For large d), (5.39)

where both the small and large baryon density limits are displayed explicitly. The longi-
tudinal diffusion constant is
1+d*[ 3/5 2
= 9 Fy[3/10,1/2;13/10; —d?]| . 5.40
o | s + 2 2R3 /10.1/2 131057 (5.40)
For zero baryon density this is D = 1/27T. In the deconfined phase of D4/D8 the baryonic
charge diffuses whatever the density. This is expected from baryon number conservation.
The presence of the BH in the deconfined phase overwhelms the Fermi effects.

DL%

A rerun of the analysis for the transverse baryonic current follows the substitution

ar =ar(q— 0,0 — 1) . (5.41)
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Comparing the singular part of (5.31)) and (5.36) gives

; £/ 2
Cp = MF(D , (5.42)

and comparing the regular part of (5.31) and (f.36) yields

w3 =2 . (5.43)

Thus there is no hydrodynamic pole. The transverse baryonic current in dense and
deconfined D4/D8 is still gapped. It is much like a transverse plasmon.

5.3 D3/D7: hot and dense

For comparison, let us consider in this case the non-chiral and non-confining embedding
with D3/D7 at finite temperature and finite density. We consider the massless quark
embedding where analytic solutions are available [[§]. The induced metric becomes simply
AdSs x 83 independent of the gauge field.

Z? R? zZ}

T (= fd® +di?) 4 [T 25dZ? + RROE, f=1- % (5.44)

2 _
ds® = Z47

where R = 4mgsN.o'? is the curvature radius. We work in units of R = 1. Zy = 7T
where T is the temperature. SUGRA and SYM quantities will be tied by o/ =1/ VA with
A = 4mwgsN.. With this metric, we compute the DBI action as

Sper = —N tr /d4de gg{qz

— 900932977 — Gau P02 Foz — 930927 Z FoiFy;  (5.45)

i

1/2
—g0092s Z FizFiz — 900922922 Z FijFij — 9o Z FijFijFzo0F 70 + - -
i>7 1>7
The result is analogous to the D4/D8 case (B.§) with three differences: 1) N' = TxQ3; 2)
372 4/2

there is no contribution from the dilaton; 3) g¢'s” appears instead of g¢, since the compact
space is S° not S*.

To consider finite baryon density (or chemical potential) we set the background vector
U(1) field Ap(Z) in bulk. Its form follows from minimizing the DBI action (f.45):

d
N

We explicitly recalled 2o/ and d = \/_NfN ng (L8, L7

Following the analysis in D4/D8 above, we now consider mesonic fluctuations around
the density background Ag. In the general form cast in (B.10) the quadratic action reads

2me/ Al = (5.46)

S = Ntr / d*xdZky

A3Fy0Fz0 + Aky Z Foi Fo;
i

+Aks Z FizFip+ A koks Y FyFy| . (5.47)

i>]
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where the information of the background field A is encoded in A and

AN N,
N=210 A= 1+d2276,
2(2m)*
k= 73, k=771t k= f1 (5.48)

as in table. [l.

In this general form we can use (5.1)~(F.6). In terms of the variable z = ZTH, = 555,
4= 527, anddzﬁwehave
ar, = Op(w%aw(2) — g%aq(2)), (5.49)
ar = Craw(z), (5.50)
with
z Z/
aq(z) = / d ——— (5.51)
0 V14 d2z/6
= Z2( 2 F1 [3/27 1/37 4/37 _Z6d2]) ’
z / 1
= [ d : : 52
aw(2) /0 z Tl (5.52)

Note that the integrand in ay, exhibits explicitly the BH horizon at z/ = 1 in units of
temperature. At zero temperature the integrand smoothly reduces from 1/(1 — 2/*) to 1.
However, the BH singularity makes the integral logarithmically divergent at the horizon.
As a result, the zero temperature limit is singular and will be considered separatly next.
To impose the incoming boundary condition we expand a; around the horizon.

ar(l—¢) =ap(1) —eay (1) +---
CLl‘O2
4y/1 4+ d?

Alternatively, the zero mode equation (Drar = 0) is

= Cp’ag(1) — — Crqaq(1) + O(e), (5.53)

Par 1 [ 3d?%2° (3(1 —2Mg? —w?(1+ d2z6)>
UL

1+ @220 \ (1= 202 — w?(1 + d229)
N 2 (1 + d?29) 423
(1—2%9% —w?(14+d?26)1 -2

4 02 q2
— = .54
p— <1—z4 1—|—d2z6>aL 0, (5:54)

3d2z° 473 1 4 t02 e
% B 2|2 - =0, (5.55
ZGT+[(1+d2Z6) 1—21 z] S — <1—z4 1+d2z6>aT , (5.55)

1
1 ;:| aZ(IL

which reduces to
102

1 /
1—_ZCLL/T+mCLL/T:0, (556)

"
ar/r —
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near the horizon at z = 1. The incoming wave solution is of the form
agyr = (1—2)""?F(2), (5.57)

with F(z) a regular function near z = 1. For tvlne < 1 we have

2R —€) :F(l—e)—%lneF(l—e)—l—---

— F(1) - % IneeoF (1) + Oe) . (5.58)
A comparison of the singular part of (5.53) and (p.5§) yields
12v/1 + d2
Cr, = %F(l), (5.59)

and a comparison of (p.53) and (p.5§) yields

1:_7—22% \/1+d2q . (5.60)

For small tv and q with fixed g2/t the dispersion relation follows

2
w e —iy[1+ <(T§{)3> 5 2T 2 F1[3/2,1/3;4/3; —d?]

e (i (ot) () ) (meml)

L <2P(7/6)F(4/3)< d )1/3+P(7/6)F(4/3)< d )‘5/3_“.)
orT r'(1/2) (nT)3 r(1/2) (nT)3

Q

<For Large (W;)?’) , (5.61)
The longitudinal diffusion constant for hot and dense D3/D7 is
Dy~ —— 14 d_\* F1[3/2,1/3;4/3; —d?] (5.62)
L ~ 27TT (7TT)3 241 ) I ) . .

As mentioned earlier the zero temperature limit is singular owing to the occurence of the
BH pole in the issuing integrals.

To analyze the transverse baryonic current® in the same limit of small w, ¢ we follow
the same procedure with the substitution in (f.53)

ar =ar(q— 0,0 —1). (5.63)
A comparison of the singular part of (5.53) and (5.55) yields

Cp = i2w0y/1+ d2F(1), (5.64)

®See [E] for related work on the dispersion relation
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while a comparison of the regular part of (5.5) and (5.59) gives
o =2, (5.65)

which is incompatible with the limits. The transverse baryonic mode in hot and dense
D3/D7 is gapped much like the transverse plasmon in dense matter. This reflects on the
long-range nature of the transverse forces in holography. We will comment further on this
point below.

5.4 D3/DT7: cold and dense

In a recent analysis [[7] have reported the occurence of a zero sound mode in cold D3/D7.
For completeness we now rederive their results using our general result (F.3). At zero
temperature we set Zg = 0 in (p.44) and change the variable to z = 1/Z.

For w < 1 and ¢ < 1 (B-3) gives

ar, = Cp(w?a,(2) — ¢®ay(2)), (5.66)
ar = Cray(z), (5.67)

with

z / 1
= [ A 22 ,F[3/2,1/3;4/3; — 5 d?
o) = [ o = R s =),
z !
— 2 _ 1, 4/ 62
aw(z)_/o & = 52 aRI1/21/34/3 =), (5.68)

Near the horizon ay, is expanded as

ay, = CLA% +CrLB+ 0O (1/2’2) , (5.69)
with
_ w? _ (¢* = 3w%)d=*/3T(1/3)r'(1/6)
A= i B = 18T(1/2) . (5.70)

On the other hand the zero mode equations Dy, jpay 7 = 0 are

3d?z° 24> 1 e
2 2 _
dzar+ [(1 + d?29) <1+q2 —w?(1+ d2z6)> _;] O:ar+ <w 1+ d2z6> ar =0,

3d%2° 1 7>
2 2 _
aZCLT + [m - ;:| aZCLT + <w — m) ar = 0. (571)
Near the horizon the incoming solution is
eiwz
ar(z) = C7 ot (5.72)
and for wz < 1
ar(z) = % +iwCr, (5.73)
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A comparison of (5.69) with (5.79) yields
Aiw = B, (5.74)

which yields the dispersion relation reported in [L7]

I B O(¢%) (5.75)
V3 2ppo ’ '

for a massless excitation. Holographic D3/D7 at arbitrarily small temperatures is diffusive.

It is not at strictly zero temperature with the occurence of a long-range collective mode.
In the next section we suggest that this is a visco-elastic mode, and thereby generalize it
to massive quarks. Any amount of temperature (collisions) destroy the Fermi-surface at
large A and large N,.. Indeed, while the temperature effects are of order NO through the
underlying BH metric, the density effects are 1/X and 1/N, suppressed through the Np
embeddings either D7 or DS.

Finally and for completeness we note that the transverse baryonic mode follows also
from (p.69) with the substitution

ar=ar(¢—0,w—1). (5.76)
From (B.74) we get
_dY3T(1/3)1(1/6)
- ) (5.77)

The transverse baryonic current is gapped in cold D3/D7 much like the current is plasmon-
gapped in a metal.

6. Visco-elastic analysis

The occurence of a collective mode in cold D3/D7 suggests that collectivity through the
possible occurence of a Fermi surface at strong coupling maybe at work. To understand
that, we propose to understand this collectivity by unifying the hydrodynamical or collision
regime with the elastic or collisionless regime.

In figure f| we show different propagating domains for a wave of frequency w and
momentum ¢ in liquids. The dashed curves are typical wave dispersions. The free particle-
hole continuum occupies the lower quadrant. 7 is a typical relaxation time to equilibrium,
say 7 = 1/T (hot) and 7 =~ 1/ (cold) for conformal and strongly coupled theories. For
waves with wr > 1 and large velocities compared to the Fermi velocity v of a quasiparticle,
we expect collisionless wave propagation or elastic regime. For waves with wr < 1 but still
large velocities compared to the Fermi velocity vgp we expect collision wave propagation
or hydrodynamic regime. Typical cold media behave elastically at low temperature and
hydrodynamically at higher temperature. Thus, an elastic mode can be turned inelastic
by just raising the temperature. This is typically what happens in liquid He® where the
zero sound transmutes to the first or thermodynamic sound by changing its frequency or
temperature to interpolate between the collisionless and collision regimes. To understand
these regimes we now introduce a unified visco-elastic framework.
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Figure 5: Visco-elastic domain versus the free particle-hole continuum. See text.

6.1 Generalities

In a homogeneous and isotropic solid, the constitutive equations for the elastic displacement
field (t,Z) are discussed in the canonical book by Landau and Lifshitz on the theory of
elasticity [2(]. Specifically

0%

7= (K 4+ (1=2/p)p) V(V - @) + uV2i@ + F(t, ) (6.1)

where K and p are the bulk and shear moduli, p = 3 is the dimensionality of space, Fis

mpnp

an external volume force, ng is the baryon equilibrium density and mpg is the bare baryon
mass. The massless case more pertinent for D3/D7 will be deduced by inspection below.
Without loss of generality, we may write

F(t,7) = nB% : (6.2)

which is the ’baryon electric field’. Since the transverse part of A induces a "baryon
magnetic field’ we expect (B.9) to also include the magnetic contribution as it plays the
role of the Lorentz force. Since we are interested in the induced baryon current through /_f,
the magnetic effects are second order and will be omitted. The baryon current density is

L du(L®)
t7) = : 6.3
]( 7‘T) np at ( )
Inserting (B.2) and (@) in () and taking the Fourier transforms yield
2 K 2 (7 7
i T, 8) = (— i <1 . _> ﬁ) 7@ j(w.2)
ngp p) np w
woq? - -
——7J —1 A . 4
+nB iwj(w’q) iwnpA(w,q) (6.4)

Decomposing the current j = j7+ 71, and the potential A = Ay + A7 along ¢ and transverse
to ¢ allows the transverse and longitudinal induced currents
- ng/mp
]T(W, (j) = 1

_ 1 npg?
mpw?

Ap(w, ), (6.5)

2
"B
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and
ng/mp
_ (K _ 1) p )\ npg®
- (F 2 (1-5) ) mt
jr relates directly to the induced baryon density through the local conservation law
as qjr/w.

The response currents ([.5) and (p.6) have a direct analogy with their counterparts in
a liquid. Indeed, using hydrodynamics for the baryon current density in a liquid we can

Jn(w, Q) = Ap(w, ) . (6.6)

write the analogue of (p.4). In the linear response approximation

ciwmafle.d = (5 - 224 (1-2) 221) 7(7-J(w.0)

ng g p) np iw
o2
iwn ¢* - , -
+——j(w,q) —iwnpA(w,q) , (6.7)
np iw

where the hydrostatic pressure term p in the Euler equation was traded with the longitu-
dinal baryon current through the continuity equation,

T ) = ~ Pl q) = %(@) , (6.9
where 1 and ( are the shear and bulk viscosities; p is the equilibrium pressure as a function
of density with K = ngdp/dn the bulk modulus. (6.4) is very similar to (6.7) except for:
1/ the shear modulus in the solid becomes purely imaginary or —iwn in the liquid; 2/ the
bulk modulus acquires an imaginary part through —iw( in the liquid. Both imaginary
parts vanish at w = 0 making the liquid insensitive to shear at zero frequency. This also
means that their contributions in jz r are diffusive.

The solid and liquid visco-elastic coefficients can be described in a unified manner
through (B.5) and (b.6) by substituting

K - K(w) = K(w) —iw((w), (6.9)
i— M) = plw) — iwn(w) (6.10)

as the complex and frequency dependent bulk K and shear M visco-elastic coefficients.
The solid has real M with a small imaginary part 7 (zero up to the uncertainty principle)
while the liquid has imaginary M with a small u and large imaginary part n. The bulk
modulus K is about the same in liquid and solid, and of the same order of magnitude as
the shear viscosity n.

In light of (B.10) it follows from (B.6) and (B.§) that the longitudinal current admits a
gapless pole (compression mode) at

K 1 1/2 1 2
w%< +2<1——> s ) q—i( ¢ +2<1——> 1 >q—,(6.11)
mpnpg p) mpng mpng p) mpng) 2

while the transverse current admits a gapless pole (shear mode) at

2
Pog—i 12 (6.12)
mpnp mpnp 2

w =~
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We see that for finite frequency waves and in the long-wavelength approximation the way
a solid responds to external wave-stress is similar to the way a liquid does. The difference
is that in a solid 4 ~ K and (,n are small, while in a liquid u is close to zero and (,n are
large. In the liquid the transverse or shear mode becomes diffusive.

6.2 Cold D3/D7

D3/D7 at finite density yields a gapped transverse baryonic current and a gapless longi-
tudinal baryonic current [[7]. The gapless longitudinal baryonic current can be compared
with the longitudinal visco-elastic mode (p.11]) with

K 1 u 1/2
(o t2(1-2) -] e
mpnpg p/ mpnp

1
( ¢ Lo (1 - —> il > & . (6.14)
mpnpg p/ mpng pbup

The compressibility is readily tied with the equation of state for any embedding

K __ <5P> _ L (6.15)

MBNRE Oe ) ¢ o

(6.13)

H%J‘H

since € — pP = 0 in a conformal theory.® The energy momentum tensor is still traceless
at finite temperature and density for massless fermions. The gapless and longitudinal
baryonic mode has the speed of the first sound ¢; = 1/,/p for zero shear modulus y = 0
and massless quarks. For massive quarks e — pP # 0. For D3/D7 it follows from [[§] that

1

€= ZyN(27ra’)4(u3 —m2)(3us +m?), (6.16)
1

P = Z’yN(27ra')4(u(21 - m2)2, (6.17)

where v ~ 0.363. The visco-elastic mode has a speed

_ (9P _ | pg—mg
Cl_\/<86>5_\/3,u2—mg’ (618)

in agreement with the detailed quasi-normal mode analysis in [P1].

Since the mode w = ¢/ V3 lies within the free particle-hole continuum as shown in
figure fl, it is susceptible to Landau-like damping through single particle-hole or multi-
particle-multi-hole. Again, the visco-elastic analysis suggests that the bulk viscosity in
cold D3/D7 with massless quarks is

n h

—_ == 6.19

ng  2(p—1) (6.19)
where we used (A.J) and (A.J). In conformal theories the shear modulus (1 = 0) and
bulk viscosity are zero (¢). For p = 3, we have n/np = h/4, where h has been restored.

Sp is the dimensionality of space and P is pressure.
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This is to be compared with h/6m argued in [RJ] using the Stokes-Einstein relation and the
uncertainty principle for cold and strongly coupled Fermions.
It is worth noting that (.19) can be rewritten as

h krp h
I/ N (6.20)
ng p—1/)2p N.Nsnpp

where

kr 4Pk 1
np NcNf foF @mP 2k NcNf p (6 21)
= ke drk a -1’ .
np foF (22)? ke p—1

is the ratio of the quark density at the Fermi surface normalized to the baryon density. For
massless quarks npkp = € + P with ny = N.Nynp so that in general

e+P  ngp’

n nrh

(6.22)

This result can generalized to finite mass by noting that at zero temperature e+ P = npup
and substituting 2k — 2,/k? +m2 in np in (6.21). Specifically,

NcNf ko dPk 1

0 (27)P 9, /K24 m2 N.N
nE VI e R (1/2,p/2:1 + p/2 —v),  (6.23)
ng [hr ok 4kp
0 (2m)p

with vp = kp/mg. Thus

n HBUF 2\ b
— = Fi(1/2,p/2;1 2;— —. .24
ng < 4kF ) 2 1( / 7p/ ) +p/ ’ UF) P (6 )
The visco-elastic (5.75) for massless quarks, turn to
w=cg - (1=2) (Y8 JR(/2,p/2:1 + p/2 —v2) ¢ (6.25)
= C19q P P kF 2471 y P/ 43 p/4; F 4 .

for massive quarks. c¢; is the first sound speed. For D3/D7 it is explicitly given in (6.13),
while for arbitrary Dp/Dq it follows from the known equations of state [Lg].

In D3/D7 any infinitesimal temperature washes out the Fermi surface, resulting in
a diffusive baryonic phase. Thermal collisions at strong coupling take over the collisions
through the Fermi surface however small is the temperature. As noted earlier, this is the
hallmark of strong coupling holography whereby the BH contribution is of order N? while
the Fermi contributions are 1/N, suppressed.

7. Random phase approximation

If cold D3/D7 exhibits collectivity at large A and large N, that is consistent with a consti-
tutive visco-elastic analysis, why the cold D4/D8 results above are all gapped. The short
answer is that in D4/D8 the baryons are solitons, so baryonic motion with a Pauli-blocked
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Fermi surface is subleading in 1/N, as shown in figure f]. Baryons move semi-classically by
quantizing the isorotations and rotations both of which are 1/N, suppressed. To estimate
some of these contributions we note that the baryons in D4/D8 are flavored instantons
with core sizes of order 1/ VA They are heavy with mp = 872N.\. So the semiclassical
descriptive of the translational zero modes follow from the point-like effective action

_iT )2
5 4t (iat_M
2mp

- uB> 6 sal@* o)+, (7.1)
where the repulsive interaction o = (247%/4M3% )(N./)) is set to reproduce the energy
density and pressure of the holographic matter (R-§) with p ~ an%/2. The dotted contri-
butions involve higher derivative terms, e.g. (¢ (—iV — V)/mp¢)? which are suppressed
by 1/N,. Again, note that the limit N, and A large do not commute for . For fixed A and
large N, the repulsion is strong as it should, while for fixed N, and large A the repulsion
is weak. Here V is the probing baryonic vector source. In large IV, the baryons are scalar
fermions with no assigned spin to leading order in 1/N.. Therefore their spin degeneracy
is 1.
In the RPA approximation, the zero modes in ([7.1)) integrate to the effective action

1 1
Srpa(V) = §VLALVL + §VTATVT, (7.2)

with jr, = ArVr and jr = ArVr for the longitudinal and transverse currents. wArp, 7 are
the longitudinal and transverse baryonic conductivities respectively. The RPA contribu-
tions as shown in figure ] resum to

II
AL: 52 5
1—05?1_[[/
1I
Ap=——0—, (7.3)
with
"1 (k)
M=y — SLT) A Ap(k) . 4
=3, v 2 (e ) Arth 03 (1.0

The solid lines in figure [ lie in the Fermi surface. &/a ~ 1/N.. The transverse con-
tributions follow solely from the dotted terms in ([7.]). The summation is carried over
the Fermi surface. Ap is the massive and non-relativistic fermion propagator associated
to (7.0]) in the presence of a Fermi surface. The first contribution in (7.4) is from the
seagull term in ([7.I]) and the second contribution is from the particle-hole bubble. The
londitudinal vector response Ay, relates to the scalar density-density response function by
current conservation. Specifically, I, = w?/q*II where

F

M(q) =Y Ap(k+ q)Ar(k) (7.5)
K

— 27 —



R +
m@m ; f\/\,@@/\/\/ .

Figure 6: RPA contributions following from ([.1)).
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Figure 7: Dispersion relations (dotted lines) for D4/D8 and D3/D7.

is the Lindhard function for scalar fermions. For w,q — 0 but fixed 5 = w/q/vp it takes
the form

N mpkr I} 1+p ) mpBkr
I(q) = 52 <—1 + §ln ‘ED —i0(1 —|5]) PR (7.6)

The quasiparticle spectrum following from () is schematically displayed in figure [] with
massless quasiparticles of energy w = vpq at small k, and free massive fermions with
w = ¢?/2mp away from the Fermi surface. This description is rooted in weak coupling.

We note that the longitudinal current in (f.J) develop a massless poles for strongly
repulsive fermions as D4/D8. The longitudinal modes are directly tied to the Lindhard
function by current conservation. They follow from 1 = «ll. In particular the longitudinal
sound modes is stable for 3 > 1 above the quasiparticle cut (no imaginary part) with a
speed (8> 1)

ampk
cL, = Bop ~ %vpzx/ang/mgzcl, (7.7)

in agreement with the pressure p ~ an2B /2 in leading order in the density. For § > 1 the
decay of the longitudinal baryonic in D4/D8 is not through Landau-like damping.
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The transverse mode follows from the pole at w? = aq*lly. For & ~ a./(N.q¢?) the
transverse mode is gapped since

nB ng . 3mnp
1I N — 4+ ———— —i0(1 —
rl@)~ 22 4 o o1~ |8)

7.8
s, (73)
for w,q — 0 and fixed § = w/q/vp. The transverse gap is typically wr ~ a.ng/mpN,
with «, following from a a numerical analysis of the transverse quasi-normal modes in
holography. In light of the RPA analysis, the holographic result suggests that the transverse
baryonic fluctuations are long ranged and unscreened unlike their longitudinal counterparts.

8. Conclusions

We have analyzed the baryonic transport in D4/D8 (chiral) and D3/D7 (nonchiral) at finite
density and/or temperature. D4/D8 is a holographic model of QCD at large N, and large
"tHooft coupling A. The transverse baryonic current in D4/D8 is saturated by the medium
modified vector mesons in the confined phase with " < Mg /7. The vector spectrum
is gapped since matter is uncompressible at large N.. Confined D4/D8 matter becomes
compressible to order 1/N, with the occurence of a gapless longitudinal vector mode. While
1/N, effects are difficult to assess in holography, we have provided an RPA argument for the
speed of the gapless mode using an effective action for baryons constrained by holography.
D4/D8 is diffusive in the deconfined regime.

D3/D7 is diffusive at all temperatures except zero where it is visco-elastic. This is
a hallmark of holography at large N, and large A. Indeed, the temperature effects are
mediated by the BH background and leading in 1/N., while the baryonic density effects
are carried by the probe branes which are Ny /N, suppressed. At strong coupling and large
N, the thermal or collisional collision regime is dominant. The exception is D3/D7 at
zero temperature but finite density as recently pointed by [[J. A Fermi surface (albeit
strongly coupled) maybe at work in this case that suggests a visco-elastic regime. A
longitudinal gapless mode emerges with a small width suggestive of a shear viscosity to
baryon ratio n/np = h/4 in cold but dense D3/D7. This mode is turned diffusive by
arbitrarily small temperatures at strong coupling. Our observations extend readily to
massive quarks in D3/D7.
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A. Cold Dp/Dq

It is interesting to analyze the equation of state of cold Dp/Dq embeddings. We consider
Dq probe branes whose worldvolume spans an AdS,,o factor and wraps the n-sphere S"
in AdS5 x S°, where p = ¢ — n — 1. For example, ¢ = 5,p = 2 corresponds to D5 branes
on AdSy x S%, and ¢ = 3,p = 1 corresponds to D3 branes on AdS3 x S* in AdSs x S°.
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At zero temperature and for massless quarks, the pressure P and energy density e

read [[L7]

Q 1 o et

- = p
P V) p+1Né/pnB , (A.1)
o 1
g = ——nb, (A.2)
Né/p B
- P o 2t
€e=—-P+ppnp=———>ng (A.3)
p+1Nq/p
» 1
€« 1 Yp [\ & (A1)
€0  473/2 F(p/2 + 1)7TNCNf Nq ’ '
_ Co/20\"" p peryp
€ = 2Vm < IN.N; oy 1" , (A.5)

where ng = %nq, B = %uq, and a = F(1/2_1142(§’}g)(1+1/2p). Ny = NyTp,V, with V,, the

volume of a unit n-sphere and T, is the Dq brane tension [[[§. That is Ny = ANsN../(2m)%,
Ny = %ﬁ, and N3 = % The ratio €/eg shows the energy density in cold Dp/Dq
normalized to the free Fermi energy density:

é ~ AP (A.6)

For Dp/Dq = (D3/D7),(D2/D5),(D1/D3) dense Dp/Dq is unbound at large .

B. Fermionic drag

B.1 Hot D3/D7

Hot D3/D7 is diffusive at all temperatures. The drag coefficient 7p is inversely proportional
to the baryonic diffusion constant D, through the Einstein formulae at strong coupling 3,

B3
D = 5~ (B.1)

and for slowly moving particles. In equilibrium, the diffusion constant ties with the baryonic
conductivity o, (at zero frequency and momentum)

<(AN)?> o,

= i B.2

T (B.2)
where Z is the baryonic susceptibility. Thus

=7, B.3

= (B.3)



The conductivity o, has been obtained using Ohm’s law in [R4] (See also next appendix)

NN/ T ——— 8n
O-q:Tn.f C6+d2’ dEW’ (B4)

with ¢ = cos® 0(z,) and 2z, = 4/(7%T?) a dynamically generated value of a scalar profile at
the BH horizon. Massless quarks correspond to 8 = 0 and infinite mass quarks to 6§ = 7 /2.
Thus

= 47

T NNpJd a2

This expression expresses the drag of a quark in diffusive D3/D7 for arbitrary mass, tem-

np (B.5)

perature and baryon density. When m, = 0

2 A 21T
D = = ) (B6)
NeNgy14+d2 V1442
where = = %‘Tz Bd]. When m, = oo
E 4 Ew 3
np — = — VT3, (B.7)

T NNy d o omy 2
where = can be read off from eq. (5.7) in [RF].

B.2 Cold D3/D7

The zero temperature case is visco-elastic as we suggested earlier. In this regime the
fermionic conductivity ties to the diffusion constant by the Kubo formulae

0, = npDy, (B.8)
ne = NNy [ G s () + FE) (B9)
F = INedVf (27T)p 2F), k k))> .
where f is Boltzmann distribution function and Ej, = ,/k? +m2. This relation follows

from the relaxation time approximation in the quark probe phase space irrespective of
strong or weak coupling. Relaxation to equilibrium at strong coupling is subsumed. For
infinitesimal temperatures and for finite quark mass [P4, (see also next appendix)

NN
% - ?f\/cb’ +d2. (B.10)

From (B.])) it follows that the drag is

1
o _ _TF - (B.11)

ng  NNinp /S +az’

This is the general form of the quark drag in a cold holographic medium (Coulomb phase)

with infinitesimal temperature. We will assume it also for 7" = 0 by continuity.
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For my finite (¢ # 0) and N, A — oo (d — 0)

ng 4
When T'= 0 and my = 0(c = 1)
9(2—-p) L (1-p/2) ,p—1
D = Po (B.13)
I(p/2) p-1
where we used
Fa dPk 1
= N.N — . B.14
nr f/o (2P 2k (B.14)
When 7' =0 and my # 0(c # 1) and p = 3
1 Hq
m(mg) | g m ZECALE
np(mg =0) 2 > p2—m2 I m 37 (B.15)
e Hg — My a a p2—m?
where ng = \/m2 + k% .
For my — oo(c = 0)
ngp 4r  np VA 3 1 9
R — = T° = AT B.1
WENNAd T, 2 2(p — 2)7”F ’ (B-16)
where n, = N.Nynp and
T K7 Y 1)
ng [ drke**/2mdT T p—2T " '

For p = 3, np is the drag coefficient reported in [RJ.

C. Baryonic conductivity

The baryonic conductivity o, in D3/D7 has been derived by various methods (27, 4, €.
Generically, the Kubo formulae for the conductivity is

%:—ﬁ%%m@%K%ﬂw (1)
where only the transverse response function contributes, as the longitudinal part vanishes
for light-like momenta by charge conservation. For a rotationally symmetric medium,
Gyo = Gyy = G, are the components of the j,j., jyjy and j.j. retarded baryonic cur-
rent correlations.

Using AdS/CFT the transverse response can be extracted from (p.53), i.e.

S u(u—l—d2u(—3—|—7u2))a, N w2y 1+ ud? .
TR+ ad) T —w)2l+wda?

=0, (C.2)
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with 4 = 22. The horizon(u = 1) is a regular singular point and the solution behaves as

ap ~ (1 —u)*™®/2 We choose the incoming boundary condition(ar ~ (1 — u)~"®/?) and
extract the singularity at v = 1 by substituting
ar = (1 —u?)"™2F(u). (C.3)
F(u) is regular at u = 1 and satisfies the following equation
P u(—4 +ud?(3 — Tu?)) + 2i(1 +u)(1 + d2u3)mF,
2(1 — u?)(1 + d2u3)
+z’(1 + u)(2 4+ d?u?(3 + 5u))w + (—1 + u + d*u?(4 + 3u + u2))m2F _ 0. (Ca)
4(1 —u?)(1 + u)(1 + d?u?)
In the hydrodynamic region(tv < 1) we may expand F'(u) in terms of to as
F=Fy+wF +w’F--, (C.5)

and unwind Fy, Fy, Fy,--- order by order. For that consider the case with d = 0. The
zeroth order equation is solved with

C
F} = T (C.6)

where C is an integration constant. Regularity at u = 1 forces C' = 0. So Fj is a constant.
At next order we have
i C
F = E . C.7
L7 9(—14u?) 0+—1+u2 (C.7)
Again regularity at v = 1 sets the constant C' = —iFy/2. Thus
iFy
Fl= —— C.8
YT 2(1 4w’ (©8)

which is enough unwinding of the transverse solution for the Green’s function in the zero
frequency limit needed for the Kubo formulae.
To obtain the retarded Green’s function we need the boundary action

Z—00

[ dwd 1
S = lim —2N/ﬁAklkgﬁaép(Z,m)aT(Z,—m)

= BE}) —4K7(7TT)2/ é“j:;g %a’T(u,m)aT(u,—m)
_ _4N(7TT)2/ ?;:;g %F’(O,m)F(O,—m),
where we recovered 27/ and N = N(27wa/)? = % The retarded Green function is then
Gret _ 528 _ 2629
¥ daz(0,m)da,(0,—w)  SF(0,10)0F (0, —w)
~ /
= —8N(7TT)2%, (C.9)
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and the conductivity is

— ret
% = };lgb wImG (K )‘w:ua
~ 1 F|
= 8N(7TT)2U£iLnO —Im <1(0T0m)m - O(w2)>
NN;T
== J 1
in (C.10)
Extending the procedure to finite density yields [R]
NeNsT
0g = ——Vi+d, (C.11)
where d = (W%)g = ch\icn\qﬂT-‘*’ which is (B.4) with ¢ = 1.

D. D4/D8 deconfined phase

In this section we enforce an eigenmode analysis on the longitudinal and transverse vector
currents in the deconfined hot and dense D4/D8. The eigenmode analysis parallels the
one for cold and dense D4/D8 with reflective boundary conditions at the BH horizon. No
imaginary parts arise from this analysis. In a way, in D4/D8 we may still entertain the
possibility of stationary solutions between the Left-pending and Right-pending branes to
mock up existing light bound states. Of course, this is a formal suggestion.

The longitudinal operator (Dy,) is
K(K —1)A% K1/6
A2w2_%q282+ K—lA . (D.1)

When ¢ =0 or w = 0 it is easily diagonalized, since

1 K1/6
DL((]:O) = Eaz\/K(K—l)Aaz—l— A,

DLEaZ

vK -1
1 K3/2 K1/6
Di(w=0) = s s A% + A (D.2)

The Green’s function (DZI) may be expanded in terms of the complete set of eigenvalues
that diagonalize

K1/6

Drlg=0)f = <ﬁA> AL (D-3)
K1/6

Drw=0)f = <q2\/ﬁA> AL (D.4)

K1 . .
where \/_A and \/_A are weight factors. Using the complete sets,

/
(02VEK(K —1)Adz) xn = <w2f/{i ) (N2 X

K3/2 5 B KI/G £z
<5ZmA 52) §n = — <mA> (AR)"&n s
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we have

n(Z)xn( Z A
<Z|'Dzl( |Z/ Z X 2 + )\X + XO( 23;0( ) ’ (D.5)
n n(Z") Z 7'
<Z|DZ (w -0 |Z/ Z gq +€ + 50( )qEO( ) ) (D.6)
neN

The transversal operator (Dr) is

Oz K 1)Ad K10 Aw? A1 D.7
= - 7 — 7 + 1<w— Tq) . ()

When ¢ = 0 it is easily diagonalized as

1 K1/6
Dr(q=0)= _EOZVK(K - 1)Ad; - ﬁA : (D-8)

With the eigenfunctions and eigenvalues:

1/6
(02 /KK — A7) Cn = — A ()2,

K-1
the Green’s function is expanded as
—1 Gnl( C(Z)6(Z")
(Z|D7Nq = 0)|2") = Z nlZ2)elZ) | " . (D.9)
neN
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